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A DONALDSON TYPE FUNCTIONAL ON A HOLOMORPHIC FINSLER
VECTOR BUNDLE
HUITAO FENG1, KEFENG LIU2, AND XUEYUAN WAN3
Abstract. In this paper, we solve a problem of Kobayashi posed in [15] by introducing
a Donaldson type functional on the space F+(E) of strongly pseudo-convex complex Finsler
metrics on E – a holomorphic vector bundle over a closed Ka¨hler manifold M . This Donaldson
type functional is a generalization in the complex Finsler geometry setting of the original
Donaldson functional and has Finsler-Einstein metrics on E as its only critical points, at
which this functional attains the absolute minimum.
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Introduction
The stability of holomorphic vector bundles is a concept in algebraic geometry, which was
initiated by Mumford for constructing good moduli spaces for holomorphic vector bundles over
algebraic curves, see [18]. Later this notion was generalized to coherent sheaves by Takemoto
[22], Bogomolov [3] and Gieseker [9], [10], etc. A differential geometric analogue to stability
is the concept of a Hermitian-Einstein vector bundle over a closed Ka¨hler manifold. The
relationship between stability and the existence of Hermitian-Einstein metrics was realized by
Yau soon after his celebrated work on Calabi conjecture. More precisely, the correspondence
between stability and the existence of Hermitian-Einstein metrics asserts that a holomorphic
vector bundle over a closed Ka¨hler manifold is polystable if and only if it admits a Hermitian-
Einstein metric. Note that early in 1965 Narasimhan and Seshadri [19] considered the case
of compact Riemannian surfaces, and in 1980s Kobayashi [13] and Lu¨bke [16] proved that
a holomorphic bundle admitting a Hermitian-Einstein metric must be polystable. The truly
hard part of this correspondence is the reversed problem and this was solved by Donaldson
[6], [7] for algebraic manifolds, and by Uhlenbeck and Yau [23] for general Ka¨hler manifolds.
1 Partially supported by NSFC (Grant No. 11221091, 11271062, 11571184).
3 Partially supported by NSFC (Grant No. 11221091, 11571184) and the Ph.D. Candidate Research Innova-
tion Fund of Nankai University.
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This well-known Donaldson-Uhlenbeck-Yau theorem states that the stability of a holomorphic
vector bundle implies the existence of Hermitian-Einstein metric.
For the semi-stable case, Mabuchi pointed out explicitly the notion of approximate Hermitian-
Einstein metrics, which was already implicit in Donaldson’s works. Kobayashi proved that the
existence of the approximate Hermitian-Einstein structure implies semi-stable for a holomor-
phic vector bundle. Moreover, over the projective algebraic manifolds, he solved the reversed
part, that is, semi-stability implies the existence of the approximate Hermitian-Einstein struc-
ture. He conjectured that this result should be true for general closed Ka¨hler manifolds. In
[11], A. Jacob gave a proof of this conjecture.
In [15] Kobayashi extended the concept of the Hermitian-Einstein metric to the setting
of complex Finsler geometry. He introduced the definition of a Finsler-Einstein metric on a
holomorphic vector bundle in terms of the Kobayashi curvature, as named in our paper [8], of
a Finsler metric. Furthermore, Kobayashi raised in [15] the following open problem:
Problem:What are the algebraic geometric consequences of the Finsler-Einstein condition?
The first question in this regard is whether every Einstein-Finsler vector bundle is semi-stable
or not?
Note that T. Aikou [1] also introduced a definition for Finsler-Einstein vector bundles. When
the Finsler metric comes from a Hermitian metric, his definition coincides with Kobayashi’s.
In general case, Kobayashi’s notion is weaker than Aikou’s. In [8], we proved, under an extra
assumption, that a Finsler-Einstein vector bundle is semistable by using the Chern forms
constructed in [8].
In this paper, we always assume that M is a closed n-dimensional Ka¨hler manifold with a
Ka¨hler metric ω, and E is a rank r holomorphic vector bundle over (M,ω), and we use F+(E)
to denote the space of all strongly pseudo-convex Finsler metrics on E.
Motivated by Donaldson’s works on Hermitian-Einstein metrics (cf. [6], [7]), we introduce a
Donaldson type functional L on F+(E), which is a natural generalization of the famous Don-
aldson functional in the Hermitian-Einstein case. In this paper we solve the above Kobayashi
problem by proving the following theorem,
Theorem 0.1. Let E be a holomorphic vector bundle over a closed Ka¨hler manifold (M,ω). If
E admits a Finsler-Einstein metric, then E must admit an ω-approximate Hermitian-Einstein
structure. As a consequence, E is ω-semistable.
A natural question emerged is whether a semi-stable holomorphic vector bundle over a closed
Ka¨hler manifold admits a Finsler-Einstein metric. A possible approach to this problem is to
have a more comprehensive understanding of Donaldson’s method in the Hermitian-Einstein
case.
This paper is arranged as follows. In Section 1, we review briefly some definitions, notations
in complex Finsler geometry used in this paper. In Section 2, by introducing a metric on
F+(E), we introduce an energy functional E(G) on the path space Ω(G0, G1) of all piecewise
smooth curves Gt, 0 ≤ t ≤ 1, in F+(E) with the two fixed endpoint G0, G1 ∈ F+(E). Then
we compute the first variation of this energy functional, from which a geodesic equation on the
space F+(E) is derived and a family case of the geodesic approximate lemma in Chen’s paper
(cf. [5], Lemma 7) is given. In Section 3, we introduce a Donaldson type functional L on F+(E)
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and compute the first and second variations of the functional L. By these variation formulas,
we can prove that the Finsler-Einstein metrics on E coincide with the critical points of this
functional, and at which the Donaldson type functional L attains the absolute minimum, from
which our main result Theorem 0.1 follows.
Acknowledgement: The authors would like to thank Professor Jixiang Fu in Fudan Uni-
versity and Professor Xi Zhang in University of Science and Technology of China for very
helpful discussions on the complex Monge-Ampe`re equations. The first author would like to
thank Professor Weiping Zhang in Chern Institute of Mathematics, Nankai University for the
encouragement on his study of Finsler geometry.
1. A brief review of complex Finsler vector bundles
In this section we give a brief review of holomorphic Finsler vector bundles. One can consult
with the references [2], [4], [8], [12], [14] for more detail. In this paper, we will use the notations
as in [8].
Let π : E → M be a rank r holomorphic vector bundle over an n-dimensional complex
manifold M . Let G be a strongly pseudo-convex complex Finsler metric on E, that is, G is a
non-negative continuous function on E verifying the following conditions
F1): G is smooth on Eo = E \O, where O denotes the zero section of E;
F2): G(z, v) ≥ 0 for all (z, v) ∈ E with z ∈ M and v ∈ π−1(z), and G(z, v) = 0 if and
only if v = 0;
F3): G(z, λv) = |λ|2G(z, v) for all λ ∈ C;
F4): the Levi form
√−1∂∂¯G on Eo is positive-definite along fibres Ez = π−1(z) for
z ∈M .
Let P (E) denote the projectivized space of E, which is a holomorphic fibration π : P (E)→
M with the fibres P (Ez) = (Ez \ {0})/C∗, z ∈M . By the Kobayashi correspondence as named
in [8], every strongly pseudo-convex complex Finsler metric G induces a Hermitian metric on
the tautological line bundle OP (E)(−1)→ P (E), which we will still denote by G. So G−1 gives
a dual metric on the dual line bundle OP (E)(1) and the first Chern form of (OP (E)(1), G−1) is
given by
Ξ(G) =
√−1
2π
∂∂¯ logG.(1.1)
Moreover, one has (cf. [8])
Ξ(G) = − 1
2π
Ψ(G) + ωFS(G),
∫
P (E)/M
Ξ(G)r−1 = 1,(1.2)
where Ψ(G) is the Kobayashi curvature of G and ωFS(G) is a well-defined vertical real (1, 1)-
form on P (E); when restricted to each fibre P (Ez) of P (E), the real (1, 1)-form 2πωFS(G)
gives a Ka¨hler metric on P (Ez), for any z ∈M . So the vertical holomorphic tangent bundle V˜
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of P (E) is a Hermitian vector bundle. In this paper, we often omit G from the notation Ξ(G),
Ψ(G) and ωFS(G). In local homogenous coordinate systems (z
α, vi) on P (E), one has
Ψ =
√−1Kij¯αβ¯
viv¯j
G
dzα ∧ dz¯β, ωFS =
√−1
2π
∂2 logG
∂vi∂v¯j
δvi ∧ δv¯j ,(1.3)
where
δvi = dvi + Γijαv
jdzα, Γijα =
∂Gjk¯
∂zα
Gk¯i, Kij¯αβ¯ = −Gij¯αβ¯ +Gkl¯Gil¯αGkj¯β¯.(1.4)
For any local homogenous coordinate systems (zα, vi) on P (E) and any smooth real function
f on P (E), set
∂Vf =
r∑
i=1
∂f
∂vi
δvi, ∂Hf =
n∑
α=1
δf
δzα
dzα, ∀ f ∈ C∞(P (E)),(1.5)
where
δ
δzα
=
∂
∂zα
− Γijαvj
∂
∂vi
.(1.6)
The one-forms ∂Vf and ∂Hf do not depend on the local homogenous coordinate (zα, vi).
Hence ∂V and ∂H are two well-defined operators acting on C∞(P (E)), the space of smooth
real functions on P (E), and are called the vertical and the horizontal derivatives, respectively.
We will use ‖∂Vf‖ to denote the (vertical) norm of ∂Vf . Furthermore, when M is a Ka¨hler
manifold with a Ka¨hler form ω =
√−1gαβ¯dzα ∧ dz¯β, the pull-back of ω is a horizontal real
(1, 1)-form and equips the horizontal tangent bundle H˜ of P (E) a Hermitian metric. By this
one can define the (horizontal) norm ‖∂Hf‖ of ∂Hf . In a local homogenous coordinate system
(zα, vi) of P (E), one has
‖∂Vf‖2 = GGij¯ ∂f
∂vi
∂f
∂v¯j
, ‖∂Hf‖2 = gαβ¯ δf
δzα
δf
δz¯β
.(1.7)
We have the following lemma for these two norms.
Lemma 1.1. For any f ∈ C∞(P (E)), one has
(r − 1)√−1
2π
(∂Vf ∧ ∂¯Vf) ∧ ωr−2FS = ‖∂Vf‖2ωr−1FS ,(1.8)
n
√−1(∂Hf ∧ ∂¯Hf) ∧ ωn−1 = ‖∂Hf‖2ωn.(1.9)
Proof. We only prove (1.8), while (1.9) is similar. Since the equality (1.8) is pointwise, we
will verify it at any point (z, [v]) ∈ P (E). Let V1, · · · , Vr−1 be a unitary basis of V˜|(z,[v]) with
respect to 2πωFS , and let ψ
1, · · · , ψr−1 be the dual basis. Then at the point (z, [v]) ∈ P (E)
we have
ωFS =
√−1
2π
(ψ1 ∧ ψ¯1 + · · ·+ ψr−1 ∧ ψ¯r−1).(1.10)
For any f ∈ C∞(P (E)), we have
∂Vf =
r−1∑
i=1
(Vif)ψ
i, ∂¯Vf =
r−1∑
i=1
(V¯if)ψ¯
i.(1.11)
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Clearly, one has
‖∂Vf‖2 =
r−1∑
i=1
|Vif |2, ∂Vf ∧ ∂¯Vf =
r−1∑
i=1
|Vif |2ψi ∧ ψ¯i +
∑
i 6=j
(Vif)(V¯jf)ψ
i ∧ ψ¯j .(1.12)
Now (1.8) follows from the following direct computations:
(r − 1)√−1
2π
(∂Vf ∧ ∂¯Vf) ∧ ωr−2FS
= (r − 1)(
√−1
2π
)r−1

r−1∑
i=1
|Vif |2ψi ∧ ψ¯i +
∑
i 6=j
(Vif)(V¯jf)ψ
i ∧ ψ¯j

 (r−1∑
i=1
ψi ∧ ψ¯i)r−2
= (r − 1)(
√−1
2π
)r−1(
r−1∑
i=1
|Vif |2ψi ∧ ψ¯i)(
r−1∑
i=1
ψi ∧ ψ¯i)r−2
= (r − 1)!(
√−1
2π
)r−1
r−1∑
i=1
|Vif |2ψ1 ∧ ψ¯1 ∧ · · · ∧ ψr−1 ∧ ψ¯r−1
=
r−1∑
i=1
|Vif |2ωr−1FS = ‖∂Vf‖2ωr−1FS .

In [15] Kobayashi introduced a notion of a Finsler-Einstein metric on E → (M,ω) by using
the Kobayashi curvature Ψ.
Definition 1.2. (Kobayashi [15]) Let (M,ω) be a closed Ka¨hler manifold with the Ka¨hler form
ω =
√−1gαβ¯dzα ∧ dz¯β . Let E be a holomorphic vector bundle over M . A strongly pseudo-
convex Finsler metric G on E is said to be Finsler-Einstein if there exists some constant λ such
that
trωΨ := g
αβ¯Kij¯αβ¯
viv¯j
G
= λ.(1.13)
As in the Hermitian-Einstein case, the constant λ in (1.13), if exists, must be
λ =
2πn
r
∫
M c1(E) ∧ ωn−1∫
M ω
n
.(1.14)
Clearly λ only depends on the first Chern class c1(E) and the Ka¨hler class [ω] on M .
Remark 1.3. If the Finsler metric G comes from a Hermitian metric h, then Kij¯αβ¯ is inde-
pendent of the fiber coordinates. Differentiating both sides of the formula gαβ¯Kij¯αβ¯v
iv¯j = λG
with respect to vi, we get gαβ¯Kij¯αβ¯ = λGαβ¯ or g
αβ¯Ki
j¯αβ¯
= λδij . So G is a Hermitian-
Einstein metric on E (cf. [14]). Here the tensor Kij¯ := g
αβ¯Kij¯αβ¯ or the endomorphism
K(h) = (Ki
j¯
) = (gαβ¯Ki
j¯αβ¯
) is usually called the mean curvature of the Hermitian metric h.
Finally, we recall the notion of the ω-approximate Hermitian-Einstein metric (cf. [14]).
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Definition 1.4. Let E be a holomorphic Hermitian vector bundle over a closed Ka¨hler manifold
(M,ω). The bundle E is said to admit an ω-approximate Hermitian-Einstein structure if for
every positive ǫ, there is a Hermitian structure hǫ such that the mean curvature K(hǫ) verifies
that
max
M
|K(hǫ)− λIE | < ǫ,(1.15)
where λ is given by (1.14), and |K − λIE| is defined as
|K − λIE |2 = tr((K − λIE) ◦ (K − λIE)).(1.16)
Such a family of metrics hǫ is called an ω-Hermitian-Einstein structure on E.
2. An Energy functional E(G) on the path spaces Ω(G0, G1)
In this section, we introduce an energy functional E(G) on the path space Ω(G0, G1) of all
piecewise smooth curves Gt, 0 ≤ t ≤ 1, in F+(E) with the two fixed endpoint G0, G1 ∈ F+(E).
We will compute the first variation of E(G), from which a geodesic equation on the space
F+(E) is derived and a family version of the geodesic approximation lemma in [5] is given.
Let F (E) be the space consisting of real continuous functions H : E → R verifying the
conditions F1),F3) given in Section 1. Clearly, F (E) can be identified with C∞(P (E)) and so
is a real topological vector space of infinite dimension. By the strongly pseudo-convex condition
F4), the space F+(E) is a path-connected open subset in F (E). Note that for any G ∈ F+(E),
F (E) can be identified naturally with the tangent space TGF
+(E) of F+(E) at G, and when
restricted to the fibre P (Ez) of P (E) for each z ∈ M , the (r − 1, r − 1)-form Ξr−1 gives a
normalized volume form on P (Ez) by (1.2). Recall that ω is the Ka¨helr form on the closed
Ka¨hler manifold M . So we can define a Riemannian metric on F+(E) as following: for any
G ∈ F+(E) and any H1,H2 ∈ F (E) ≡ TGF+(E), we define (H1,H2) := (H1,H2)G by
(H1,H2)G =
∫
M
〈H1,H2〉Gω
n
n!
,(2.1)
where
〈H1,H2〉G = (r + 1)
∫
P (E)/M
H1
G
H2
G
Ξr−1 − r
∫
P (E)/M
H1
G
Ξr−1
∫
P (E)/M
H2
G
Ξr−1.(2.2)
Note that the positivity of (·, ·) comes from
〈H1,H1〉G =
∫
P (E)/M
(
H1
G
)2Ξr−1 + r
(∫
P (E)/M
(
H1
G
)2Ξr−1 − (
∫
P (E)/M
H1
G
Ξr−1)2
)
≥
∫
P (E)/M
(
H1
G
)2Ξr−1,
where the last inequality is by the Cauchy-Schwarz inequality and
∫
P (E)/M Ξ
r−1 = 1.
In the rest of this paper, we will often omit the subscript G from the inner product defined
above.
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Remark 2.1. As in [17], the space F+(E) can be viewed as an infinite dimensional Riemannian
manifold with the Riemannian metric (·, ·)G. For any smooth path Gt, 0 ≤ t ≤ 1, in F+(E),
we can define the covariant derivative along the path Gt by
D
∂t
:=
∂
∂t
− 1
2
Gij¯
(
∂2G
∂v¯j∂t
∂
∂vi
+
∂2G
∂vi∂t
∂
∂v¯j
)
.(2.3)
We can prove this connection is metric-preserving and torsion-free, and moreover, the curvature
of this connection is given by
R(H1,H2)G(H3) = −1
4
[[H1,H2]G,H3]G(2.4)
for all H1,H2,H3 ∈ F (E) and G ∈ F+(E), where
[H1,H2]G := G
ij¯
(
∂H1
∂vi
∂H2
∂v¯j
− ∂H2
∂vi
∂H1
∂v¯j
)
.(2.5)
We will leave the further study on this issue to another paper.
Using the L2 metric (·, ·) defined above, we introduce the following energy functional E(G)
on Ω(G0, G1) on F
+(E) for any two fixed point G0, G1 ∈ F+(E):
E(G) = 1
2
∫ 1
0
|∂tG|2dt,(2.6)
where |∂tG| is the L2-norm of ∂tG := ∂G/∂t ∈ F (E) defined by (2.1).
A critical point of E(G) is said to be a geodesic in F+(E) joint G0 and G1.
Next, we compute the first variation of the energy functional E(G). Giving any infinitimal
variation V = V (t), which is a smooth curve in F (E) with V (0) = V (1) = 0, we have the
following first variation formula of E(G)
Theorem 2.2.
dE(G+ sV )
ds
|s=0 = −
∫ 1
0
(
G(∂tvt −
∥∥∂Vvt∥∥2), V ) dt,(2.7)
where ∂t denotes
∂
∂t and vt = ∂t logG.
Proof. Note that
E(G+ sV ) = 1
2
∫ 1
0
∫
M
[
(r + 1)
∫
P (E)/M
(∂t log(G+ sV ))
2
(√−1
2π
∂∂¯ log(G+ sV )
)r−1
−r
(∫
P (E)/M
(∂t log(G+ sV ))
(√−1
2π
∂∂¯ log(G+ sV )
)r−1)2 ωn
n!
dt.
(2.8)
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By a direct computation, one has
dE(G + sV )
ds
|s=0 =
∫ 1
0
∫
M
{
(r + 1)
∫
P (E)/M
∂t
(
V
G
)
vtΞ
r−1
+
(r + 1)(r − 1)
2
∫
P (E)/M
v2t
√−1
2π
∂∂¯
(
V
G
)
Ξr−2
−r
∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
∂t
(
V
G
)
Ξr−1
−r(r − 1)
∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
vt
√−1
2π
∂∂¯
(
V
G
)
Ξr−2
}
ωn
n!
dt.
(2.9)
We will compute (2.9) term by term by using the Stokes formula with respect to operators ∂t
or ∂ and ∂¯:
∫ 1
0
∫
M
(r + 1)
[∫
P (E)/M
∂t
(
V
G
)
vtΞ
r−1
]
ωn
n!
dt
= −(r + 1)
∫ 1
0
∫
M
[∫
P (E)/M
V
G
(∂tvt)Ξ
r−1 +
V
G
vt∂tΞ
r−1
]
ωn
n!
dt
where the equality comes from V (0) = V (1) = 0;
(r + 1)(r − 1)
2
∫ 1
0
∫
M
[∫
P (E)/M
v2t
√−1
2π
∂∂¯
(
V
G
)
Ξr−2
]
ωn
n!
dt
=
(r + 1)(r − 1)
2
∫ 1
0
∫
M
[∫
P (E)/M
√−1
2π
(∂∂¯v2t )
V
G
Ξr−2
]
ωn
n!
dt
= (r + 1)(r − 1)
∫ 1
0
∫
M
[∫
P (E)/M
(√−1
2π
∂vt ∧ ∂¯vt +
√−1
2π
vt∂∂¯vt
)
V
G
Ξr−2
]
ωn
n!
dt
= (r + 1)
∫ 1
0
∫
M
[∫
P (E)/M
V
G
(∥∥∂Vvt∥∥2 Ξr−1 + vt∂tΞr−1)
]
ωn
n!
dt,
A DONALDSON TYPE FUNCTIONAL ON A HOLOMORPHIC FINSLER VECTOR BUNDLE 9
where the last equality comes from (1.8);
− r
∫ 1
0
∫
M
[∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
∂t
(
V
G
)
Ξr−1
]
ωn
n!
dt
= r
∫ 1
0
∫
M
[∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
V
G
∂tΞ
r−1
]
ωn
n!
dt
+ r
∫ 1
0
∫
M
[∫
P (E)/M
(∂tvt)Ξ
r−1
∫
P (E)/M
V
G
Ξr−1
]
ωn
n!
dt
+ r
∫ 1
0
∫
M
[∫
P (E)/M
(r − 1)√−1
2π
vt(∂∂¯vt)Ξ
r−2
∫
P (E)/M
V
G
Ξr−1
]
ωn
n!
dt
= r
∫ 1
0
∫
M
[∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
V
G
∂tΞ
r−1
]
ωn
n!
dt
+ r
∫ 1
0
∫
M
[∫
P (E)/M
(∂tvt)Ξ
r−1
∫
P (E)/M
V
G
Ξr−1
]
ωn
n!
dt
− r
∫ 1
0
∫
M
[∫
P (E)/M
∥∥∂Vvt∥∥2 Ξr−1
∫
P (E)/M
V
G
Ξr−1
]
ωn
n!
dt,
where the first and the second “=” come from V (0) = V (1) = 0 and (1.8), respectively;
− r(r − 1)
∫ 1
0
∫
M
[(∫
P (E)/M
vtΞ
r−1
)(∫
P (E)/M
vt
√−1
2π
∂∂¯
(
V
G
)
Ξr−2
)]
ωn
n!
dt
= −r
∫ 1
0
∫
M
[∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
V
G
∂tΞ
r−1
]
ωn
n!
dt.
Thus
dE(G+ sV )
ds
|s=0 = −
∫ 1
0
(
G(∂tvt −
∥∥∂Vvt∥∥2), V ) dt.(2.10)

From Theorem 2.2, we obtain the following Euler-Lagrange equation associated to the func-
tional E(G)
∂tvt −
∥∥∂Vvt∥∥2 = 0, vt = ∂t logGt.(2.11)
The solutions of the equation (2.11) are called the geodesics in F+(E), and the equation (2.11)
is called the geodesic equation on F+(E).
A remarkable difference from the Hermitian-Einstein case, where the corresponding geodesic
equation has an explicitly smooth solution for any two given end points, in our case the equation
may not have any smooth solution for any two given Finsler metrics in F+(E). Fortunately, for
our purpose of this paper, we only need the so-called “approximate solutions” of (2.11). More
precisely, let ht, 0 ≤ t ≤ 1, denote the Hermitian metric on the holomorphic vertical tangent
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bundle V˜ of P (E) induced by Gt or ωt := 2πωFS(Gt). What we need is the existence and
smoothness of the solutions of the following family Monge-Ampe`re equation on P (E)→M :
(∂tvt −
∥∥∂Vvt∥∥2) det ht = ǫ deth0, vt = ∂t logGt.(2.12)
To this point, our problem is exactly the family case of the corresponding one in [5], see also
[20]. By using the geodesic approximation lemma, Lemma 7, in [5] pointwisely for z ∈ M ,
and the smoothness of the solutions on the parameters z ∈M , we have the following geodesic
approximation lemma associated to the energy functional E(G) on Ω(G0, G1):
Lemma 2.3. (geodesic approximation lemma) The equation (2.12) has a smooth solution Gt,ǫ
in F+(E) for any small ǫ > 0 and any two given endpoints G0, G1 ∈ F+(E). Moreover, Gt,ǫ
converges uniformly to a C1,1 solution Gt of the equation (2.11) as ǫ → 0, and the following
inequality holds ∣∣∣∣log Gt,ǫG0
∣∣∣∣ ≤ C,(2.13)
where C is a constant independent of t and ǫ.
3. A Donaldson type functional on F+(E)
In this section, we introduce a Donaldson type functional L on F+(E). Originally, the
Donaldson functional is defined on Herm+(E), the space of all Hermitian metrics on E. Fixing
an arbitrary metric H ∈ Herm+(E), and any smooth curve Gt (0 ≤ t ≤ 1) in Herm+(E) with
G0 = H and G1 = G, the original Donaldson functional M(G,H) is defined by (cf. [6], [14],
[21])
M(G,H) :=
∫
M
(∫ 1
0
tr(
√−1Vt · Rt)dt− λ
n
log det
G
H
ω
)
ωn−1
(n− 1)! ,(3.1)
where Vt = (∂tG)G
−1, Rt is the (Chern-) curvature of the metrics Gt and the constant λ is
given by (1.14). The definition of the Donaldson functional M(G,H) is independent of the
choice of smooth paths in Herm+(E) connecting H and G. It is known that the critical points
of the Donaldson functional coincide with the Hermitian-Einstein metrics on E at which the
functional M(G,H) attains the absolute minimum. Especially, when M(G,H) is bounded
below, then E admits an approximate Hermitian-Einstein metric, and so E is semi-stable (cf.
[14]).
When restricted to Herm+(E), the Donaldson type functional L turns out to be exactly
M. By computing the first and second variations of the functional L, we will prove that the
Finsler-Einstein metrics on E coincide with the critical points of this functional, and at which
the Donaldson type functional L attains the absolute minimum. Finally by showing that the
functional has a lower-bound, we obtain the main result, Theorem 0.1, in this paper.
For any fixed H ∈ F+(E) and any G ∈ F+(E), let G(t), 0 ≤ t ≤ 1, denote a smooth curve
in F+(E) with G(0) = H, G(1) = G. For example, G(t) = (1 − t)H + tG. We still denote
vt = ∂t logG(t), Ξt =
√−1/2π∂∂¯ logG(t). In the following, we always omit the t from Ξt as
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well as the Kobayashi curvature Ψt of G(t) for simplicity. Set
Q1(G,H) = r
∫ 1
0
[∫
P (E)/M
vtΞ
r−1
]
dt;(3.2)
Q2(G,H) = r(r + 1)
∫ 1
0
∫
P (E)/M
(vtΨ)Ξ
r−1dt;(3.3)
Q3(G,H) = −r2
∫ 1
0
[∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
ΨΞr−1
]
dt.(3.4)
Definition 3.1. The Donaldson type functional L associated to a holomorphic vector bundle
E is defined by
L(G,H) =
∫
M
(
Q2(G,H) +Q3(G,H) − λ
n
Q1(G,H)ω
)
ωn−1
(n− 1)! .(3.5)
We need to show that the Donaldson type functional L is well-defined, that is, L(G,H) is
independent of the choice of paths in F+(E) connecting G with the fixed metric H. Actually
this comes directly from the following lemma, an analogue of Lemma 6.3.6 in [14], which can
be proved also in a similar way.
Lemma 3.2. Let Gt, α ≤ t ≤ β, be a piecewise differentiable closed curve in F+(E), (hence
Gα = Gβ). Set vt = ∂t logGt, then∫ β
α
∫
P (E)/M
vtΞ
r−1dt = 0,(3.6)
∫ β
α
∫
P (E)/M
(vtΨ)Ξ
r−1dt ∈ ∂A0,1 + ∂¯A1,0,(3.7)
∫ β
α
(∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
ΨΞr−1
)
dt ∈ ∂A0,1 + ∂¯A1,0.(3.8)
Proof. The formula (3.6) is obvious. We only prove (3.7) while the proof of (3.8) is similar. Let
α = α0 < a1 < · · · < ak = β be the value of t where Gt is not differentiable. Fix a reference
point H ∈ F+(E). It suffices then to prove (3.7) for the closed curve consisting of a smooth
curve from H to Gaj , the curve Gt, aj ≤ t ≤ aj+1, and a smooth curve from Gaj+1 back to H.
Set a = aj , b = aj+1,
△ = {(t, s) : a ≤ t ≤ b, 0 ≤ s ≤ 1}.
Let G : △→ F+(E) be a smooth map such that
G(t, 0) = H, G(t, 1) = Gt, for a ≤ t ≤ b.
Denote by
φ = r
∫
P (E)/M
(d˜ logG ∧Ψ) ∧ Ξr−1,
12 HUITAO FENG, KEFENG LIU, AND XUEYUAN WAN
where d˜ = (∂/∂s)ds + (∂/∂t)dt. Note that
∫
∂△
φ =
∫ t=b
t=a
φ|s=0 +
∫ s=1
s=0
φ|t=b −
∫ t=b
t=a
φ|s=1 −
∫ s=1
s=0
φ|t=a
= −
∫ b
a
(
∫
P (E)/M
2πvtΞ
r)dt+
1
r + 1
(Q2(Gb,H)−Q2(Ga,H)),
(3.9)
where ∂△ is oriented counterclockwise. On the other hand,
1
r
d˜φ = −1
2
[
∂
∫
P (E)/M
(d˜ logG ∧ ∂¯d˜ logG) ∧ Ξr−1
−∂¯
∫
P (E)/M
(∂d˜ logG ∧ d˜ logG) ∧ Ξr−1
]
∈ ∂A0,1 + ∂¯A1,0,
so statement (3.7) follows from the following Stokes formula:∫
∂△
φ =
∫
△
d˜φ.(3.10)

Actually, by the following proposition, one can see that the functional L is indeed an exten-
sion of the Donaldson functional M.
Proposition 3.3. For any fixed H ∈ Herm+(E) and any G ∈ Herm+(E),
L(G,H) =M(G,H).(3.11)
Proof. Let G(t) = (1− t)H + tG(∈ Herm+(E)). Then
Q1(G,H) = r
∫ 1
0
∫
P (E)/M
vtΞ
r−1dt = r
∫ 1
0
∫
P (E)/M
(∂t logG)Ξ
r−1dt
= r
∫ 1
0
∂tGij¯
∫
P (E)/M
viv¯j
G
Ξr−1dt =
∫ 1
0
∂t log det(Gij¯(t))dt = log det
G
H
;
Q2(G,H) = (r + 1)r
∫ 1
0
∫
P (E)/M
vtΨΞ
r−1dt
= (r + 1)r
∫ 1
0
∂tGij¯(t)
∫
P (E)/M
viv¯j
G(t)
ΨΞr−1dt
=
√−1(r + 1)r
∫ 1
0
∂tGij¯(t)Kkl¯αβ¯dz
α ∧ dz¯βG
ij¯Gkl¯ +Gil¯Gkj¯
r(r + 1)
dt
=
√−1
∫ 1
0
(∂t log detG)(∂¯∂ log detG) + tr(Vt ·Rt))dt,
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Q3(G,H) = −r2
∫ 1
0
[∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
ΨΞr−1
]
dt
= −r
∫ 1
0
[
(∂t log detG)
√−1Kij¯αβ¯dzα ∧ dz¯β
∫
P (E)/M
viv¯j
G
Ξr−1
]
dt
= −√−1
∫ 1
0
(∂t log detG)(∂¯∂ log detG)dt.
Thus
L(G,H) =
∫
M
(Q2(G,H) +Q3(G,H) − λ
n
Q1(G,H) ∧ ω) ∧ ω
n−1
(n− 1)!
=
∫
M
(
√−1
∫ 1
0
tr(Vt ·Rt)dt− λ
n
(log det
G
H
)ω) ∧ ω
n−1
(n− 1)! =M(G,H).

As the Donaldson functional on Herm+(E), the Donaldson type functional L on F+(E)
also has the following property analogous to Lemma 6.3.23 in [14].
Lemma 3.4. Let G,G′, G′′ ∈ F+(E). Then
L(G,G′) + L(G′, G′′) + L(G′′, G) = 0;(3.12)
L(G, aG) = 0 for any positive constant a;(3.13)
√−1∂∂¯(Q2(G,G′) +Q3(G,G′)− λ
n
Q1(G,G
′)ω)
= − 1
(2π)r−1
(s2(E,G) − s2(E,G′)) + 1
(2π)2r−22
(s1(E,G)
2 − s1(E,G′)2)
− λ
(2π)r−1n
(s1(E,G) − s1(E,G′)) ∧ ω,
(3.14)
where sj(E,G) =
∫
P (E)/M (2πΞ)
r−1+j , 1 ≤ j ≤ n, is the j-th Segre form (cf. [8]).
Proof. We first give the proof of (3.12). By Lemma 3.4, we have
Qi(G,G
′) +Qi(G
′, G′′) +Qi(G
′′, G) ≡ 0 mod ∂A0,1 + ∂¯A1,0, i = 2, 3,
Q1(G,G
′) +Q1(G
′, G′′) +Q1(G
′′, G) = 0.
For the proof of (3.13), we let Gt = e
(1−t)bG, a = eb. So we have
Q1(G, aG) = −br
∫ 1
0
∫
P (E)/M
Ξr−1dt = −br,
Q2(G, aG) = 2πb(r + 1)
∫ 1
0
∫
P (E)/M
Ξrdt,
Q3(G, aG) = −2πbr
∫ 1
0
∫
P (E)/M
Ξrdt.
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Therefore
[Q2(G, aG)] = −2πb(r + 1)c1(E), [Q3(G, aG)] = 2πbrc1(E),
and L(G, aG) = 0.
For the proof of (3.14), we note that, since
√−1∂∂¯Q2(G,G′) = − 1
(2π)r−1
∫
P (E)/M
((
√−1∂∂¯ logG)r+1 − (√−1∂∂¯ logG′)r+1),
√−1∂∂¯Q1(G,G′) = 1
(2π)r−1
∫
P (E)/M
((
√−1∂∂¯ logG)r − (√−1∂∂¯ logG′)r),
and
√−1∂∂¯Q3(G,G′) = 1
2(2π)2r−2
[(
∫
P (E)/M
(
√−1∂∂¯ logG)r)2 − (
∫
P (E)/M
(
√−1∂∂¯ logG′)r)2],
we have
√−1∂∂¯(Q2(G,G′) +Q3(G,G′)− λ
n
Q1(G,G
′)ω) = − 1
(2π)r−1
(s2(E,G) − s2(E,G′))
+
1
(2π)2r−22
(s1(E,G)
2 − s1(E,G′)2)− λ
(2π)r−1n
(s1(E,G) − s1(E,G′)) ∧ ω.
The lemma is proved. 
Now we compute the first variation of the Donaldson type functional L(Gt,H). Let Gt, a ≤
t ≤ b, be any differentiable curve in F+(E) and H any fixed point of F+(E). From the proof
of Lemma 3.4, we have
r
∫ b
a
(
∫
P (E)/M
vtΞ
r−1)dt+Q1(Ga,H)−Q1(Gb,H) ∈ ∂A0,1 + ∂¯A1,0,
(r + 1)r
∫ b
a
(
∫
P (E)/M
vtΨΞ
r−1)dt+Q2(Ga,H)−Q2(Gb,H) ∈ ∂A0,1 + ∂¯A1,0,
−r2
∫ b
a
(∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
ΨΞr−1
)
dt+Q3(Ga,H)−Q3(Gb,H) ∈ ∂A0,1 + ∂¯A1,0.
Differentiating the above formulas with respect to b, we obtain the following formulas:
∂tQ1(Gt,H) = r
∫
P (E)/M
vtΞ
r−1;(3.15)
∂tQ2(Gt,H) ≡ (r + 1)r
∫
P (E)/M
vtΨΞ
r−1 mod ∂A0,1 + ∂¯A1,0;(3.16)
∂tQ3(Gt,H) ≡ −r2
∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
ΨΞr−1 mod ∂A0,1 + ∂¯A1,0.(3.17)
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Therefore, one has
1
r
dL(Gt,H)
dt
=
∫
M
[
(r + 1)
∫
P (E)/M
vtΨΞ
r−1 − r
∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
ΨΞr−1
−λ
n
∫
P (E)/M
vtΞ
r−1ω
]
∧ ω
n−1
(n− 1)!
=
∫
M
[
(r + 1)
∫
P (E)/M
vttrωΨΞ
r−1 − r
∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
trωΨΞ
r−1
−λ
∫
P (E)/M
vtΞ
r−1
]
ωn
n!
=
∫
M
[
(r + 1)
∫
P (E)/M
vt(trωΨ− λ)Ξr−1
−r
∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
(trωΨ− λ)Ξr−1
]
ωn
n!
,
from which we get the first variation formula of the Donaldson type functional L on F+(E):
dL(Gt,H)
dt
= r(vtG, (trωΨ− λ)G).(3.18)
Now we compute the second variation of L(Gt,H). By a direct computation, we have
1
r
d2L(Gt,H)
dt2
=
∫
M
[
(r + 1)
∫
P (E)/M
∂tvt(trωΨ− λ)Ξr−1
+ (r + 1)
∫
P (E)/M
vt∂t((trωΨ− λ)Ξr−1)− r
∫
P (E)/M
∂tvtΞ
r−1
∫
P (E)/M
(trωΨ− λ)Ξr−1
−r
∫
P (E)/M
vt∂tΞ
r−1
∫
P (E)/M
(trωΨ− λ)Ξr−1 − r
∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
∂t
(
(trωΨ− λ)Ξr−1
)] ωn
n!
.
(3.19)
We compute the terms in (3.19) one by one:
∫
M
[∫
P (E)/M
vt∂t
(
(trωΨ− λ)Ξr−1
)] ωn
n!
=
∫
M
[∫
P (E)/M
−2π
r
trωvt∂tΞ
r − λ
∫
P (E)/M
vt∂tΞ
r−1
]
ωn
n!
=
∫
M
[
trω
∫
P (E)/M
√−1∂vt ∧ ∂¯vtΞr−1 − λ
∫
P (E)/M
vt∂tΞ
r−1
]
ωn
n!
=
∫
P (E)
(∥∥∂Hvt∥∥2 − (trωΨ− λ)∥∥∂Vvt∥∥2)Ξr−1 ∧ ωn
n!
,
(3.20)
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where the last equality comes from (1.8) and (1.9);
∫
M
[∫
P (E)/M
vtΞ
r−1
∫
P (E)/M
∂t
(
(trωΨ− λ)Ξr−1
)] ωn
n!
=
∫
M
trω
[∫
P (E)/M
∂vtΞ
r−1
∫
P (E)/M
∂¯vtΞ
r−1
]
ωn
n!
=
∫
M
gαβ¯
(∫
P (E)/M
δvt
δzα
Ξr−1
∫
P (E)/M
δvt
δz¯β
Ξr−1
)
ωn
n!
=
∫
M
∥∥∥∥∥
∫
P (E)/M
∂HvtΞ
r−1
∥∥∥∥∥
2
ωn
n!
,
(3.21)
where the last equality comes from (1.7);
∫
M
[∫
P (E)/M
vt∂tΞ
r−1
∫
P (E)/M
(trωΨ− λ)Ξr−1
]
ωn
n!
= (r − 1)
∫
M
[∫
P (E)/M
vt
√−1
2π
∂∂¯vtΞ
r−2
∫
P (E)/M
(trωΨ− λ)Ξr−1
]
ωn
n!
= −
∫
M
[∫
P (E)/M
∥∥∂Vvt∥∥2 Ξr−1
∫
P (E)/M
(trωΨ− λ)Ξr−1
]
ωn
n!
.
(3.22)
So we have from (3.19)-(3.22):
1
r
d2L(Gt,H)
dt2
=
∫
M
[
(r + 1)
∫
P (E)/M
∂tvt(trωΨ− λ)Ξr−1 + (r + 1)
∫
P (E)/M
∥∥∂Hvt∥∥2 Ξr−1
−(r + 1)
∫
P (E)/M
∥∥∂Vvt∥∥2 (trωΨ− λ)Ξr−1 − r
∫
P (E)/M
∂tvtΞ
r−1
∫
P (E)/M
(trωΨ− λ)Ξr−1
+r
∫
P (E)/M
∥∥∂Vvt∥∥2 Ξr−1
∫
P (E)/M
(trωΨ− λ)Ξr−1 − r
∥∥∥∥∥
∫
P (E)/M
∂HvtΞ
r−1
∥∥∥∥∥
2

 ωn
n!
=
(
(∂tvt −
∥∥∂Vvt∥∥2)G, (trωΨ− λ)G)+
∫
M
|(∂Hvt)G|2ω,G
ωn
n!
=
(
(∂tvt −
∥∥∂Vvt∥∥2)G, (trωΨ− λ)G)+ ∥∥(∂Hvt)G∥∥2G .
Here,
(∂Hvt)G =
δvt
δzα
dzα ⊗G(3.23)
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can be viewed as an element of H˜∗ ⊗ F+E, (H˜∗ denotes the dual bundle of the horizontal
tangent bundle H˜), which has a natural fiberwise metric induced from ω and 〈·, ·〉G, i.e.,
|(∂Hvt)G|2ω,G := (r + 1)
∫
P (E)/M
gαβ¯
δvt
δzα
δvt
δz¯β
Ξr−1
− rgαβ¯
(
∂
∂zα
∫
P (E)/M
vtΞ
r−1
)(
∂
∂z¯β
∫
P (E)/M
vtΞ
r−1
)
= (r + 1)
∫
P (E)/M
gαβ¯
δvt
δzα
δvt
δz¯β
Ξr−1
− rgαβ¯
(∫
P (E)/M
δvt
δzα
Ξr−1
)(∫
P (E)/M
δvt
δz¯β
Ξr−1
)
≥ 0,
(3.24)
where the second equality holds since
gαβ¯
(
∂
∂zα
∫
P (E)/M
vtΞ
r−1
)(
∂
∂z¯β
∫
P (E)/M
vtΞ
r−1
)
= trω
(
∂
∫
P (E)/M
vtΞ
r−1
)(
∂¯
∫
P (E)/M
vtΞ
r−1
)
= trω
∫
P (E)/M
∂vtΞ
r−1
∫
P (E)/M
∂¯vtΞ
r−1
= gαβ¯
(∫
P (E)/M
δvt
δzα
Ξr−1
)(∫
P (E)/M
δvt
δz¯β
Ξr−1
)
.
(3.25)
That is, the second variation formula of the Donaldson type functional L is given by
d2L(Gt,H)
dt2
= r
(
(∂tvt −
∥∥∂Vvt∥∥2)G, (trωΨ− λ)G)+ r ∥∥(∂Hvt)G∥∥2G .(3.26)
Using the first and second variation formulas (3.18) and (3.26), we obtain the following
Theorem 3.5. For fixed H ∈ F+(E), the metric G ∈ F+(E) is a critical point of the Don-
adlson type functional L(G) = L(G,H) on F+(E) if and only if trωΨ − λ = 0, i.e., G is a
Finsler-Einstein structure on E. Moreover, the Donadlson type functional L(G,H) attains a
local minimum at each Finsler-Einstein metric G on E.
Proof. Clearly, if G is a Finsler-Einstein structure on E, i.e. trωΨ− λ = 0, then it is a critical
point of L(G,H) by the equation (3.18). Moreover, at a Finsler-Einstein metric G on E, by
(3.26), one has
d2L(Gt,H)
dt2
|t=0 = r
∥∥(∂Hvt)G∥∥2G ≥ 0,(3.27)
that is, the functional L(G,H) attains a local minimum. Conversely, let G be a critical point
of L(G,H). By choosing the variation
vt = ∂t logG = −(trωΨ− λ),(3.28)
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we get
0 =
dL(Gt,H)
dt
= −r((trωΨ− λ)G, (trωΨ− λ)G) ≤ 0,
and from which we have
trωΨ− λ = 0,
that is, the metric G is a Finsler-Einstein metric. 
In fact, the Donaldson type functional L(G,H) attains the absolute minimum at all Finsler-
Einstein metrics on E.
Theorem 3.6. For a fixed Finsler metric H ∈ F+(E), the Donaldson type functional L(G,H)
on the space F+(E) attains the absolute minimum at all Finsler-Einstein metrics on E.
Proof. For any Finsler-Einstein metric G0 on E and any metric G1 ∈ F+(E), we have by
Lemma 2.3 that for any small ǫ > 0, there exists a smooth curve Gt,ǫ in F
+(E) joining G0 and
G1 such that
(∂tvt,ǫ −
∥∥∂Vvt,ǫ∥∥2) det ht,ǫ = ǫ det h0, vt,ǫ = ∂t logGt,ǫ.
Moreover, Gt,ǫ converges uniformly to a C
1,1 solution Gt of the equation (2.11). On the other
hand, from (3.26), we have
1
r
d2L(Gt,ǫ,H)
dt2
≥
(
(∂tvt,ǫ −
∥∥∂Vvt,ǫ∥∥2)Gt,ǫ, (trωΨt,ǫ − λ)Gt,ǫ)
=
∫
M
[
(r + 1)
∫
P (E)/M
(
∂tvt,ǫ −
∥∥∂Vvt,ǫ∥∥2) (trωΨt,ǫ − λ)ωr−1FS
−r
∫
P (E)/M
(
∂tvt,ǫ −
∥∥∂Vvt,ǫ∥∥2)ωr−1FS
∫
P (E)/M
(trωΨt,ǫ − λ)ωr−1FS
]
ωn
n!
=
∫
M
[
(r + 1)
∫
P (E)/M
(trωΨt,ǫ − λ)ǫωr−1FS (h0)− r
∫
P (E)/M
ǫωr−1FS (h0)
∫
P (E)/M
(trωΨt,ǫ − λ)ωr−1FS
]
ωn
n!
= (r + 1)ǫ
∫
M
∫
P (E)/M
trωΨt,ǫω
r−1
FS (h0)
ωn
n!
− (r + 1)ǫλVol(M),
(3.29)
where Vol(M) =
∫
M
ωn
n! . In the following we show that the integral
∫
M
∫
P (E)/M trωΨt,ǫω
r−1
FS (h0)
ωn
n!
is bounded below. For this, we take a small open set U in P (E) with the homogenous coordi-
nate (z1, · · · , zn, v1, · · · , vr). For any smooth function ρ on P (E) with compact support in U ,
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we have for some Cρ > 0 that∫
M
∫
P (E)/M
ρtrωΨt,ǫ
ωr−1FS (h0)
(r − 1)!
ωn
n!
=
∫
U
ρtrωΨt,ǫ
ωr−1FS (h0)
(r − 1)!
ωn
n!
=
∫
U
ρtrωΨt,ǫ deth0 det gdV
=
∫
U
ρgαβ¯

−∂α∂β¯ logGt,ǫ +
r−1∑
i,j=1
(logGt,ǫ)
ij¯(∂α∂j¯ logGt,ǫ)(∂i∂β¯ logGt,ǫ)

 det h0 det gdV
≥ −
∫
U
(ρgαβ¯ det h0 det g)∂α∂β¯ logGt,ǫdV
= −
∫
U
(ρgαβ¯ det h0 det g)∂α∂β¯ log
Gt,ǫ
G0
dV −
∫
U
(ρgαβ¯ deth0 det g)∂α∂β¯ logG0dV
= −
∫
U
(
∂α∂β¯(ρg
αβ¯ deth0 det g)
)
log
Gt,ǫ
G0
dV −
∫
U
(ρgαβ¯ deth0 det g)∂α∂β¯ logG0dV
≥ −Cρ,
where
dV =
1
det h0 det g
ωr−1FS (h0)
(r − 1)!
ωn
n!
.
Now by a partition of unity argument for the compact manifold P (E), one gets easily that∫
M
∫
P (E)/M
trωΨt,ǫω
r−1
FS (h0)
ωn
n!
≥ −C1(3.30)
holds for some positive constant C1. Hence for any small ǫ > 0, we have
d2L(Gt,H)
dt2
≥ −C2ǫ(3.31)
for some positive constant C2. Now since G0 is a Finsler-Einstein metric, we get
dL(Gt,H)
dt
=
∫ t
0
d2L(Gt,H)
dt2
dt ≥ −ǫC2t,(3.32)
and so
L(G1,H)− L(G0,H) =
∫ 1
0
dL(Gt,H)
dt
dt ≥ −ǫC2
2
.(3.33)
Taking ǫ→ 0, we have
L(G1,H) ≥ L(G0,H).(3.34)
Finally, if G1 is also a Finsler-Einstein metric on E, we get L(G0,H) = L(G1,H). 
The proof of Theorem 0.1: Note that for a fixed Hermitian metric H and any Finsler-
Einstein metric G0 on E, we have by Proposition 3.3 and Theorem 3.6,
inf
G∈Herm+(E)
M(G,H) = inf
G∈Herm+(E)
L(G,H) ≥ inf
G∈F+(E)
L(G,H) = L(G0,H) > −∞.(3.35)
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Thus the Donaldson functional M(G,H) is bounded below. Now the theorem follows from
Theorem 6.10.13 in [14]. 
Remark 3.7. As we point out in the introduction of this paper, a natural question is whether
a semi-stable vector bundle E admits a Finsler-Einstein metric. If not, then by Theorem
0.1, the condition of the existence of Finsler-Einstein metrics would be a strong condition for
the semi-stability. We may ask what the algebraic-geometric counterpart of the notion of a
Finsler-Einstein metric is.
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